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Sums of Angles Parallel Line Laws Forming Right Angled Triangles 0 . N
e Equilateral triangles have all angles the same and all sides the same Alternate angles are equal e Construct a perpendicular and use Wlth Clrc"es Wlth Congruent hapes

e Base angles of an isosceles triangle are equal Corresponding angles are equal Pythagoras OR SOHCAHTOA
e  Straight line angles add to 180° Same side/co-interior angles add to e Symmetry of oppo§ite side lengths of A ahd Bare DOINTE e |CIFC|€, centre O A Bl Cand D are pOIrjtS on the lecimfflrelnce ofa { A, B, C and D are four points on a ] Aand B are points on a » e D e 6 6 O, G N
Angles in a triangle add to 180° and angles in a quadrilateral add to 360° 360° a parallelogram being the same BCis tangent to the circle N circle, Centre O. FDE is tangent to the circle circle. AEC and DEB are straight circle, centre O. MAP and N\ 0.BA=BC
S T T Y T . " AOC is a straight line <2 i. Show thaty — x = 90° ; . . . / o \
Dealing With Circles Similar Shapes - Proves All Angles Are The Same Congruent Shapes - Proves All Sides Are Same oo ) . lines. Triangle AED is an equilateral NBP are tangents to the ( . ) > o
; i i : AR EISE DYlanlastaskediioleleltoleomelpossibiehalles o - S triangle. Prove the triangle ABC is ' | circle | / Prove that OB bisects angle ABC
e  2diameter lengths are the same! e To prove shapes are similar e To prove all sides are the same Find the size of angle ACB, in terms of x x and y. He said, “y could be 200 and x could be ) congruént to triangle to DCB Prove'that AP-BP :
e 2radii lengths are the same! v’ Prove all pairs of sides are in ratio v Prove the shapes are congruent Give your answer in its simplest form s = 110, because 200 — 110 = 90” 8 c
e Radii form isosceles triangles where base OR e Proving a triangle is congruent? ii. Is Dylan correct? ‘\ We are basically proving the theorem that tangents a OC since all radii of a circle .
angles at the same! v" Proveall angle_s are thg same o v" Use one of the 4 congruency theorems ) Wav T circle from the same point are the same length BA=BC (given)
Does making constructions help = Prove all sides are in ratio hence similar e Call something x and use symmetry A 1 E the line OB av i & K Al . o
_ i - ) ' orm the line , i . ° i 8 ‘
o Nodiameter? Createit! ¢/ many circle theorems = Call sometf_ﬂng)_c and use circle theoremsf ‘ Angle OBD= % (OBD is an isosceles riangle) € LOAP = 20BP = 90° angle between a tangent and Triangles AOB and Q,BC are .
o Nocentre? Create it! :I_ depend on a centre so sum of straight line angles, sum of anglesin | Look out for common sides of two shapes as . ! Angle BOC= 180 — 2x . N radius congruent by SS . v
o Noradii? Draw them! don’t be afraid to draw it! a shape etc to show that all angles are the obviously they are the same length!! Form triangle ABO _ 1s0-2x . = / OA=0B since radii of a circle Hence Fhe angles are the same in
o No triangle or quadrilateral? Create it! same in terms of x e Angle ABO=Angle OAB= x° (AOB is an isosceles triangle) Angle BCD= — — = 90 — x (angle at centre is : both triangles
When a question doesn’t have any lengths then e Angle CBO= 90° (radius meets a tangent at 90°) double angle at circumference) ‘ -
Remember to involve the centre and involve radii! Geometric proofs don’t ask you to find the value of the alarm bells should ring: “is this a congruent i ) ) .y 180 — (90 B ' - ) g . LBOC — JBOA — 180 — 2
angles, just to prove they are the same. shapes question?”; “what can | call x”; etc. 2330 isa Cyclicquad: y = 180 — (90 — x) = Angle EDl()J—AngLe EAB (angles in the same segment Y 3 = A= X A
. . . - - - x are equa \ ; \
Proving angles are the same What if no lengths given? A, B and C are points on the circumference of a circle, centre O. TA and ) W e
gane ‘ gths & TB are tangents to the circle. CA=CB. Angle ATB=2x° Angle ABE=Angle DCE (angles in the same segment ¢ .;\ 0
Call something x and use There is not much else to do other than use similar shapes or congruent shapes. Ask yourself whether similar or congruent shapes? : Re-arrangingy = 90 + x givesy —x = 90 are equal) B Y o N\

. . 4
circle theorems, straight SS SAS Show that angle ACB=(90 — x)° : Triangles OPB and OAP are congruent by RHS y
lines, sum of angles etc. : ol ORand OB (th 3 Way 2: . Hence, the triangles have 3 pairs of equal angles Hence c

. . orm the lines OA an the radii . — _ ; ; . o
Notice how you are not being /\ / /\\ A A Angle BCD = 180 — y (cyclic quadrilateral) ‘ , therefore similar by AA criterion.
asked to find the value of the . Angle BDF= 180 — y (alternate segment
angles, just to prove they are ¥ ¢ Notice how this angle is in the . Angle AOB= 360 — 90 — 90 — 2x = 180 — 2x v tlr;eoorem) — 90 d 90 BR— AOC and BOD are diameters of a circle, centre O. Prove that triangle ABD and triangle DCA are congruent. A
the same middle of the 2 sides (formed by the . : . \ — ¥ +x =90 (tangent meets a radus at 90) — A
R . (angles in a quadrilateral add to 360°) B : .
2 sides) hence we have A in the . . 0
middle in the name SAS Re-arranging gives ! .
HS SSA (NOT TRUENIINI! y—x=90 G
‘ . P, Q, R and S are points on the circumference of a circle, ABP and ADQ are tangents / D, E, F and S are points on a circle. ' Way 1: ASA Way 2: RHS Way 3: SAS
& & A /\ /\ /\ A centre O. APB, BQC, CRD, and DSA are tangents to the to the circle, centre O. C - RST is tangent. The straight line q c . ¢
W dthet ; d d tof the t circle. ABCD is a kite. lies on the circumference S \ EDT is parallel to FS. DS = DT ‘s 8
/potenuse . ) . A .
eneedtne myporenuse, andanyside outotthe two Note: Watch out SSAis NOT a valid criteria!!! Angle PAS= 2x°. Angle QCR= y° of the circle. x Prove that FD is parallel to RST. / o . . : . 0
remaining 2 sides to be the same. \ 9 . 2 o R
" ” / L, Use angle DTS as x to help you ' ° ) ° .
Are constructions necessary? Find an expression in terms of Prove thaty = 2x A o a S g /
i 2 it! i i ? it! - : . : B . A
* No dlameier. Crea_ttle it! So many circle theorems depend on a centre | * No triangle or guadr|lateral. Cr_eate o ) x and y for the size, in degrees, : . A
e No cen}re. Create it! and radius so don’t be afraid to draw them inl e Do not be afraid to call something x or even something else y of the angle POQ. 5 Angle BAD=Angle CDA= 90° (angle in a semicircle is
e No radii? Draw them! , a right angle) - ‘
— ey v Angle BAD=Angle CDA= 90° (angle in a semicircleis | AD is common to both triangles _
/ 1 For example, prove that angle CAB is the o v Angle ABD=Angle ACD (angles in the same segment arightangle) ﬁ'ﬁ:z@?ﬁ;ﬁgﬁfﬁ?&(fc:‘.sglznegc:izgf the isosceles
4o bercorromr Lameni \ )/ X €K , ; AD is common to both triangles ©
R ) / : same as angle ABC. We have to make a o \ Z are equal) ABD and triangle DCA are congruent by SAS
} 7 i construction and call an angle x to get / y v
/ going aAa i L __# ”ﬂ_ 2N Nt Congruent by AAS ABD and triangle DCA are congruent by RHS
L 3
2D e Properties : ‘ - . - - - -
‘ All radii are the same length e DS = DT hence isosceles triangle hence base The d|agona'ls shows a quadrilateral x ABQD isa sqluare. BEC and DCF are A 5 ABCDis a parallellogralm. ABP ) s
. . Tangent meets a radius at 90° angles are equal XBYA. The diagonals AB and XY \ equilateral triangles. . and QDC are straight lines. T
I Quadrilaterals I * Angle APO= 90° (tangents meets a radius at 90°) . Angle DCO = x since base angles of an intersect at the point M. Given e i.Prove that triangle ECD is £ADP = 2CBQ = 90°
\ isosceles triangle are equal that the area of triangle AXB is A€ M e congruent to triangle BCF. A ¢ i. Prove that ADP is congruent Qe D c
; . ) ) equal to the area of triangle N\ G is the point such that BEGF is a to triangle CBQ
Parallelogram 1t Form AC which cuts both angles BAD and BCD in half AYB. Prove XY is bisected by AB. ' parallelogram. ! ii.Explain why AQ is parallel to PC
. . ., " ii.Prove that ED =EG
e Angle 0CO="2 since tangent meets a e Angle DFS = angle DST = x since alternate !
ngle QCO=7 radius at 90° segment theorem
segme A B P
Lo ;‘/ >
The most common propertles. o Angle COQ= 180 —90 75 =90 7? (anglesin n 7
= . triangle OQC add to 180°) Q
Isosceles Trapezoid e Parallelograms have opposite sides e Angle POQ e Angle DOB = 360 — 4x — (180 — 2x) = 180 — B 5
[ I g0 T : equalin length . =180 —(90—x) — (90 _ 32_/) 2x since angles at a point add to 360° Angle DTR = = x hence corresponding v ) RE
lagona : . . » »
o ! 4 \ e Opposite angles of a parallelogram are o =x+ 2 (angles on a straight line add to 180°) angles are equal thus parallel X
" ’ CD=BC e »
equal +angle DTR=180 — 2x + x + x = 180 ) L o ¢ = BC (square) W Qh Dh ¢ g angl
{ hence co-interior angles add to 180° thus parallel First lgtsjthmk about where we are going with the ‘e want to prove that the orange and green triangles
- question i.e. what we need to prove. We need to are congruent
prove that XM=MY since told that XY is bisected (cut
[ . in half) by AB i.
e Slmllar Trlangles All the pink and blue lengths are equal since both
A A ) We are told that the area of triangle AXB is equal to triangles are equilateral and the square sides being
(\/ barri A, B, R and P are four points on a circle with In the diagram, P, S and T are points A, B, D and E are points on a circle the area of triangle AYB. Since both triangles square equal links all sides to each other hence all sides
b centre O. A, O, R and C are four points on a on the circumference of a circle. O is ABC and EDC are straight lines acommon base, the heights must be equal. Let’s (BC, EC, BE CF, DF and CD can all be coloured pink). e  Opposite angles in a parallelogram are equal so
§ different circle the point such that S~ D form the heights in both of the triangles. We form the I will only colour the ones that need for the congruent angles DAB and BCD are equal
p— 2> The two circles intersect at the points A and R. e OPS is a straight line Prove that the angles in triangle BCD are the a heights with the diagonal to make a triangle as we triangles pink.
Quadrilaterals Parallelogram Rectangle Rhombus Square Trapezium Isosceles trapezium Kite CPA, CRB and AOB are straight lines e OT is tangent to the circle same as the angles in triangle ECA y want 2 triangles to use the fact they are congruent A
. Prove that angle CAB = angle ABC Prove triangle OPT is similar to OTS later.
Allsides equal v v d B ii. Triangles ADP and CBQ are congruent which
2 disjoint pairs of If we can prove that triangles GMY and MHX are means AP and QC will be equalin length and we
Opposite sides equal v v v v One pair consecutive sides are ’ , 0 congruent then we are done since the triangles are know these lines are parallel as this is given in the
equal s identical and hence corresponding side lengths the question. Also AQ = PC. Therefore, APCQis a
" " " " - - same parallelogram and opposite sides of a parallelogram
Opposite sides parallel v v v v One pair One pair are parallel hence AQ is parallel to PC
- % Here we are not given much information (not given any side lengths like
5 ) dd Only_one p?'r of usual). But we have a circle, so circle theorems should come to mind. We
ase angles add to opposite angles are four-sided sh insid ircle which makes it likely that th U
Opp. Angles equal v v v v > ’ , see a four-sided shape inside a circle which makes it likely that the cyclic e The heights (XH and GY) are equal
180° equal (larger pairs of ) P quadrilateral theorem is applicable here. ghts ( ) 4
angles) / s o . =angle DCE = 90 + 60
/ " W\ X to both triangl hich Iready k Triangles GMY and MHX are congruent by AAS
4right angles v v R C ! e is comr?or::’ oh ot r|lang es which means we already know SAS
Non base Triangle ABC is not isosceles or equilateral. T this angle is the same for both triangles. Therefore XM=MY hence XY is bisected by AB
Consecutive angles add to Non base angles Can’tuse any circle theorems as the question . ) .
180° v N4 v v angles add add to 180° stands o e in both Since we don’t know any angles the easiest (and only) way to deal with this is
to 180° ’ ° Is same angle in bo to use algebra and start by calling one of the angles x . .
o os e ang triangles, so ZPOT = £T0S ) yeetne ) With Trigonometry
Diagonals equal v v v ormtriangle sowe can geta triangle an e  Alternate segment theorem i i
quadrilaterals, otherwise there isn’t anything Hence 4()'1‘1’5: 150 The dlagra.m below shows the angle and the numbered order that is best to
Diagonals are perpendicular v v v that we can do. This allows us to use the fact « So,by AA criterion tr}angle oPT find them in: Aright-angled triangle is formed by The diagram shows three right-angled triangles. Prove thaty = 3n =2
Di Is bi h oth v that radii are equal and gives a cyclic is ;imilar to trianglle oTS  Thists 180y since opposie the diameters of three semi- f A 4 o
iagonals bisect each other v v v v quadrilateral to work with. ’ o D call this x " Straightline add to 180° circular regions, A, B and as shown C o8
Diagonals bisect pair of v \i' 5 p in the diagram. ~L
i i We don’t know any angle so call any angle x e £ 180 —x - X Y 2
oppOSItje?tr;s(leeSS) e v v and relate other aﬁglei toit. vang \\”\\ "\”\f/\%,ﬁut . Show that B Somehow have to link all 3 triangles since want to link ‘n’ in the top triangle and ‘y’ in the bottom triangle
Call £CAB = x° $ 3 ’ i Area of region A = area of region B + area of region C Way 1: - Way 2: <
Note: we could start with any angle as x. 180 — x >/ ’ Area of i (u)—' T A b 7 o /"
. this v \rea of A= =1 (— < -
Circle Theorem 2"\, o/
. . — . . . CAOR is a cyclic quadrilateral which means L fse . d o |
Prove the angle at the centre is Prove the angle in semicircle is a right angle Prov_e that opposne anglesof a opposite angles add to 180° 2 Thi s 180 sinceoppste LA v
double the angle at the cyclic quadrilateral sum to 180° : %0 180
circumference Sudriaerizadto Look at the green triangle:
Angles on straight line (CRB) add to 180° So, we have the following colour pairs which are the same ; X = Il
b% 4+ ¢* = a” by Pythagoras a - v3 v3 _3n
20RB =180 — =x A . @” by Pythag . Z=c0s30 = — =g = X — == . . .
" " " . . g b 2 s 2 2 Look at the blue triangle:
Form radii Form radii Draw center and form 2 radii So, . Multiply both sides by 3 v 1
¢ ) . .
“AB = — 40 T T T —=sin30==-=a=2y
\ , #CAB = 20RB = x J gbz + gcz = §a2 Look at the blue triangle: a 2 !
Triangle OF'{'B isan |sosce'les triangle (OB and Area of B+ Area of C= Area of A Y_ sin30 = i =vy= i(ﬁ) = ‘_§” ; .
\ OR are radii of the blue circle so OR=0B, and € o NERTY TG T, Look at the green tlangte. B B
l by definition of an isosceles triangle the base 2y (30 = V3 b V3 B V3 3
angles are the same G s =m=y=—m= X =an
e Label x and e Label x and * Label xand £0BR = £ORB = x = 2CAB
(both base angles same since radii form 2 (both base angles same since radii form 2 isosceles - e - - - -
isosceles triangles) triangles) £0BR is the same angle as ZABC, hence 3 angles in both triangle ABCD and AECA are the same The diagram shows a hexagon ABCDEF. ABEF and CBED are congruent parallelograms where AB=BC=x c¢m. P is the point on AF and Q is the point on CD such
\ JOBR = 2ABC = 2CAB Hence ABCD = AECA by AA criterion. that BP=BQ=10 cm. Given that the angle ABC=30°, prove that
— 2—v3
cos«PBQ=1— (Z—OO)XZ ) "
l Prove that the triangle APC and triangle PBC are similar e
) ’ ‘ A Look at triangle BPQ and use cosine rule
e ‘ PN A (2 = V3)x2 = 10% + 10% — 2(10)(10) cos y
Colour in the remaining angles of the triangle Colour in the angles at the centre = N LS, w0/ 7 \w So,
A ¢ JaTTTeeTees -0 X % K / \ - - A\ 2 - Iy
: : . : > YATAN 200- 232 (2-V3) ,
Since we do not have any lengths, we need to call something x. Say . Since the A c v a cosy = 200 =170
angles in a triangle (APC) sum to 180°, we can say ® 180 -90-x ! Notice that AC=PQ by symmetry so
£2ACP =180 —-90 —x = » PQ*=(2- \/§)x2
| doubl | . We are told ZACB = 90° hence 2BCP = 90 — ( ) =
e Angle at centre is double angle at the Finall
. . . ° ) \A .
‘ : . . e Sum of angles in a triangle is 180°. Bae'angles ares circumference CBA = 180 — 90 — « — Hard est Clrcles
e Sum of angles in a triangle is 180 and 180 — 2y 2% and pa = = 180 — 90 —
and 180 — 2y : xan Since X Two circle overlap. A, B and E lie on the circle, A, B, Cand D are points on a circle. D, Eand F are points | Diagram shows two circle touching externally at T.
A or . . . A . . . o
e Angle at point means sum of angles is 360° . . . ° . ) 2CBA =90 — x = 2ACP, = v = «BCP c _ centre O. B, C, D and E lie on the other circle on a different circle, centre O. DCE, ADF and BCF are Points X, Y and W lie on the larger circle. RTS is
8 P : € * Straight line angle means sum of angles is 180 ® Angle at point means sum of angles is 360° 180 — 90 — x AOBC and AED are straight lines. CD = CE straight lines. Angle DEF = x tangent to both circles. XYRZ is tangent to the
) o +2y=360 We can utilise AA criterion to say APC = PBC. Angle BAE = x i. Prove that angle BAD = 2x smaller circle at Z. ZTW is a straight line. £ZYTR =
+180 — 2y=180 i. Give a reason why angle BEA = 90° ii. In the case where AB is parallel to DE, work out the aand £ZTR = b
: —2x—2y =-180 x+y =180 ii. Prove than angle DCE = 2x size of angle x i. Give a reason why angle RZT = b
* Angleat urcumferen_}c_e x+y=90 ii. Prove that angle XTW = angle YTZ
is double x + PQRS is a quadrilateral. ABCD as a quadrilateral. AD=BC. ADis PQ=PR. Sis the midpoint of PQ. Tis the : \© V. i
Prove that angles in the same segment are equal Prove the alternate segment theorem p parallel to BC. Prove that triangle ADC is | Midpointof PR. Prove that triangle QTR is . ¥
Q . congruent to triangle RSQ. \/ 2
congruent to triangle ABC. S ;
Draw center and form 2 radii Form the diameter AC and CB 4 A s T }\ . F ,
» ‘ ). v R
\ % ; " X\ % S\ 74
. . N ) ,
‘ PQ is parallel to SR. SP is parallel to RQ a . N T2 ‘ N "
Prove triangle PQS is congruent to RSQ. ’ b pUA X a X G '
o Label A Ve
.. N
e Label i P 0 Careful, this is not a parallelogram! We :
b 9 only have 1 pair of parallel lines. i
a 4 i. Angle in a semi-circle is 90° i.
A 8 ii.
s » R e Angle EOF = 180 — x — x = 180 — 2x since angles in N
Colour in the remaining angles in the triangle and the tangent angles triangle FOE add to 180° L.
0 it id f e Angle CBE = 180 — (90 — x) = 90 + x since e angleTRZ= 180 — b — b = 180 — 2b since angles
° H H o i ric - o
Colour in the angles on the circumference pposite sides ot a e QS=TRsince midpoints and PQ=PR angles on a straight line add to 180 in triangle TRZ add to 180
parallelogram are equal e Angle PQR=Angle PRQ (base angles of an
\ isosceles triangle are equal and triangle is
isosceles since told PQ=PR) I
e Sum of angles in a triangle is 180° o ¢ *
. - 180 -90 —x =90 — x
* Angle at centre is double angle at the circumference S S If AB and DE parallel then the corresponding angles are
and equal hence 2x =90 — x
3x =90
90— (90-x) Note: AAS and SAS and ASA would have x =30
Hence,
_ also worked here .
Congruent by SAS
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